Abstract: Let X be an infinite, locally connected, locally compact separable metrizable space. The space C (X ) of realvalued continuous functions defined on X with the compact-open topology is a separable Fréchet space, so it is homeomorphic to the psuedo-interior = (−1 1) N of the Hilbert cube Q = [−1 1] N . In this paper, generalizing the Sakai-Uehara's result to the non-compact case, we construct a natural compactification C (X ) of C (X ) such that the pair (C (X ) C (X )) is homeomorphic to (Q ). In case X has no isolated points, this compactification C (X ) coincides with the space USCC F (X R) of all upper semi-continuous set-valued functions : X → R = [−∞ ∞] such that each ( ) is a closed interval, where the topology for USCC F (X R) is inherited from the Fell hyperspace 
Introduction
By the Anderson-Kadec Theorem, every separable Fréchet space is homeomorphic to (≈) the pseudo-interior = (−1 1) N of the Hilbert cube Q = [−1 1] N (cf. [3] ). In the paper [12] , by using a set-valued function space, a natural Hilbert cube compactification was constructed for the Banach space C (X ) of real-valued continuous functions defined on an infinite compactum 1 X with the sup-norm. In fact, let R = [−∞ ∞] be the extended real line (which is homeomorphic to the closed unit interval I = [0 1]). By identifying each ∈ C (X ) with its graph Γ( ) ⊂ X × R, C (X ) can be embedded into the hyperspace Cld(X × R) of non-empty closed sets in the product X × R with the Vietoris topology. Let C (X ) be the closure of C (X ) in Cld(X × R). Since Cld(X × R) is compact, C (X ) is a compactification of C (X ). The main result of [12] asserts that if X is a locally connected infinite compactum then the pair (C (X ) C (X )) is homeomorphic to (Q ).
In this paper, we generalize this result to the case X is a locally compact separable metrizable space, where C (X ) has the compact-open topology. 2 When X is non-compact, the space C (X ) is not a Banach space but our assumption guarantees that C (X ) is a separable Fréchet space, hence C (X ) ≈ . Now, C (X ) can be regarded as a subspace of the hyperspace Cld * F (X × R) = Cld(X × R) ∪ {∅} with the Fell topology (Lemma 2.1), which coincides with the Vietoris topology if X is compact. Since Cld * F (X × R) is compact ( [9] ), the closure C (X ) of C (X ) in Cld * F (X × R) is a compactification of C (X ).
The following is our main result: Theorem 1.1.
If X is an infinite, locally connected, locally compact separable metrizable space, then the pair (C (X ) C (X )) is homeomorphic to (Q ).
When X is compact in the above, our result is no other than the result of [12] .
Remark 1.1.
For every locally connected locally compact Hausdorff space X , we can also regard C (X ) as a subspace of the hyperspace Cld * F (X × R) (Lemma 2.1). In this case, the closure of C (X ) in Cld * F (X × R) is another compactification of C (X ) (cf. Proposition 6.2) but (cl
even if X is the unit interval I (Proposition 6.3).
Let USCC(X R) be the set of all upper semi-continuous set-valued functions : X → R such that each ( ) is a continuum 3 (it is a closed interval in this case). Identifying each ∈ USCC(X R) with its graph Γ( ) ∈ Cld *
we regard USCC(X R) as a subspace of Cld * F (X × R), which is denoted by USCC F (X R). We also prove the following non-compact version of Fedorchuk's result in [8] (cf. [7] ):
If X is a locally connected locally compact paracompact Hausdorff space with no isolated points, then the compactification C (X ) of C (X ) coincides with the space USCC F (X R).
Remark 1.2.
Replacing R with R, we obtain the space USCC F (X R), which does not coincide with cl Cld * F (X ×R) C (X ) because it is not compact (cf. Remark 4.1).
Embedding
Let Cld(X ) be the set of all non-empty closed sets in a (topological) space X and Cld *
The Fell topology for Cld * (X ) is generated by the following sets
This topology coincides with the Vietoris topology if X is compact. The space Cld * (X ) or Cld(X ) with the Fell topology is denoted by Cld * F (X ) or Cld F (X ), respectively. In [9] 
where K is a compact set in X and O is an open set in Y . For each ∈ C (X Y ), let Γ( ) is the graph of , that is,
Lemma 2.1.
For every locally compact Hausdorff spaces X and Y , the injection
For each ∈ C (X Y ), since (cl U ) is connected, the following holds:
Let X and Y be locally compact Hausdorff spaces. When Y is compact or X is locally connected, by Lemma 2.1,
be the extended real line, which is a compactification of the real line R. Note that (R R) ≈ ([−1 1] (−1 1)). For every locally compact Hausdorff space X , the space C (X ) = C (X R) can be regarded as a dense subspace of C (X R). Hence, we have C (X ) = C F (X R).
In case X is locally connected, C (X ) is also a subspace of Cld *
is also a compactification of C (X ).
Remark 2.1.
In Lemma 2.1 above, in order that Γ is an embedding, the condition that X is locally connected or Y is compact is essential. In Appendix, we shall show that Γ is not an embedding when X is the Cantor set and Y = R (Proposition 6.1).
The Spaces
where it is possible that ( ) = ∅ for some ∈ X . On the other hand, we denote
The graph Γ( ) of ∈ USC * (X Y ) is defined as follows: Proof. Since 
If X is a locally connected locally compact separable metrizable space with no compact components and Y is a locally connected compact metrizable space, then the space USC * F (X Y ) is homeomorphic to the Hilbert cube.
Let USCC(X Y ) be the set of all upper semi-continuous continuum-valued functions from X to Y , that is, 
, ( )|X = and ( )(∞) = Y ). Then, is an embedding and the image (USC
which is a retract of the space USCC(αX Y ).
Proof.
For each open set U in (αX )×Y , is compact, it follows that is an embedding. The continuity of is similar and easy. In case Y is a continuum, we have
which is a subset of USCC(αX Y ). This completes the proof.
Remark 3.1.
In the above, we have
which is not equal to (C (αX Y )) in general.
Proof of Theorem 1.2
In this section, we shall prove Theorem 
Proof. We show that Cld
In case A( ) is disconnected, we have ∈ (0 1) such that ( ) ∈ A A( ) ∩ [0 ) = ∅ and A( ) ∩ ( 1] = ∅ Since X is locally connected and locally compact, we have a compact connected neighborhood N of in X and ε > 0 such that
Then, A has the following neighborhood in Cld F (X × I):
− which is contained in Cld F (X × I) \ USCC(X I). Indeed, take any A in the above neighborhood of A. Since A ∈ Cld * (X × I) = USC * (X I) by Proposition 3.1, the following sets are closed in N:
Remark 4.1.
In Lemma 4.1, I cannot be replaced by R. In fact, USCC(X R) is not closed in Cld * F (X × R) for any space X = ∅ because ∅ ∈ Cld * F (X × R) is a closure point of USCC(X R). Thus, USCC F (X R) is always non-compact.
Lemma 4.2.

If X is a paracompact Hausdorff space with no isolated points, then C (X I) is dense in USCC F (X I).
Proof. Let 
Remark 4.2.
Observe that Lemma 4.2 above is valid even if I can be replaced by R, that is, C (X R) is dense in USCC F (X R) for any paracompact Hausdorff space X with no isolated points. Theorem 4.1.
If X is a locally connected locally compact paracompact Hausdorff space with no isolated points, then the compactification C F (X I) coincides with the space USCC F (X I).
When X is compact, the above is no other than the result of [8, Theorem 1.10]. As is easily observed,
Then, Theorem 1.2 follows from Theorem 4.1 above.
Proof of Theorem 1.1
By the same reason as Theorem 1.2, Theorem 1.1 follows from the following:
Theorem 5.1.
Let X be an infinite, locally connected, locally compact separable metrizable space.
The second statement (2) is easy. In fact, since X ≈ N, it follows that
On the other hand, the first statement (1) can be reduced to the case X is connected. Indeed, if X is disconnected and non-discrete, we can write X = X 0 ∪ λ∈Λ X λ , where Λ = ∅, X 0 is discrete and each X λ is a non-discrete component of X . Since each X λ is closed and open in X by the local connectedness of X , we have the following natural homeomorphism: 0 1)) ). Observe that the images η(C (X (0 1))), η(C (X I)) and η(C F (X I)) are equal to the following:
If the statement (1) were proved when X is connected, then it would follow that
Moreover, if X 0 is finite then
where is the number of points of X 0 . Otherwise, C F (X 0 I) = C (X 0 I) ≈ Q and C (X 0 (0 1)) ≈ by the stetement (2). Note that I × ≈ Q × ≈ . Since Λ = ∅ is at most countable, we have
Now, it remains to show the following:
Theorem 5.2.
Let X be a locally connected, locally compact separable metrizable space which is connected and non-compact. Then,
Proof. First, note that C F (X I) = USCC F (X I) by Theorem 4.1. The one-point compactification αX = X ∪ {∞} of X is a Peano continuum (cf. [14, §1] ). By Remark 3 in [12] , we have
By Proposition 3.2, we have an embedding : USCC F (X I) → USCC(αX I) and a retraction : USCC(αX I) → (USCC(X I)) such that (C (αX I)) ⊂ (C (X I)) ⊂ (USCC(X I)) = (USCC(αX I)) Then, it follows that USCC F (X I) is a compact AR and C (X I) is homotopy dense in USCC F (X I). Let M = USCC F (X I) \ C (X I). Since C (X I) is completely metrizable, M is an F σ -set in USCC F (X I), hence M is a Z σ -set in USCC F (X I). We identify USCC(X I) = (USCC(X I)) ⊂ USCC(αX I) Then, as observed in Remark 3.1, C (X I) = (C (X I)) = ∈ USCC(αX I) (∞) = I and ( ) is a singlton for each ∈ X Similarly to Proof of Main Theorem in [12] , we can show the following:
( ) For any pair (A B) of compacta in USCC(X I), such that B ⊂ M and for any ε > 0, there exists a embedding : A → M such that |B = id and is ε-close to id, where the metric for USCC(X I) is defined as follows: The Peano contiuum αX has an admissible convex metric (cf. [4] , [10] ), that is, each two points ∈ αX can be joined by an arc in X isometric to the segment [0 ( )] ⊂ R. 4 Let ρ be the admissible metric on the product space (αX ) × I defined by ρ(( ) ( )) = max{ ( ) | − |} The Hausdorff metric ρ H on Cld((αX ) × I) induced by ρ is compatible with the Vietoris topology of Cld((αX ) × I). The space USCC(X I) inherits this metric ρ H from Cld((αX ) × I). For convenience sake, we give a proof of the above ( ). Define a map α : A → I by α( ) = 1 3 min 1 ε ρ H ( B) . Since C (X I) is homotopy dense in USCC(X I), we can find a map : A → USCC(X I) such that (A \ B) ⊂ C (X I), |B = id and ρ H ( ( ) ) < α( ) for each ∈ A \ B. Since C (X I) ≈ and A \ B is completely metrizable, we have a closed embedding : A \ B → C (X I) such that ρ H ( ( ) ( )) < α( ) for each ∈ A \ B. Let 0 ∈ X and define : A \ B → M as follows:
As is easily observed, is continuous and injective. For each ∈ A \ B,
Hence, we can extend to the map˜ :
does not meet (B). Then, it follows that˜ is injective, whence it is an embedding because A is compact. Now, we apply Lemma 1 in [12] The proof is completed.
Appendix
As mentioned in Remark 2.1, the condition that X is locally connected or Y is compact is essential in Lemma 2.1. In fact, Lemma 2.1 does not hold when X = 2 N the Cantor set and Y = R, where 2 = {0 1} with the discrete topology.
Proposition 6.1.
Proof. 
. 4 In [15] , it is shown that X itself has such a metric. 
This completes the proof.
By Lemma 2.1, the compactification C F (X R) of the space C (X ) (= C (X R)) can be defined for every locally connected locally compact Hausdorff space X . However, this compactification C F (X R) is different from C (X ) (= C (X R)). In fact, we can show the following:
For every locally connected locally compact Hausdorff space X , C (X ) = C F (X R).
Proof. For each ∈ N, let : X → R be the constant map with (X ) = {(−2) }. Since each compact set in X × R misses for sufficiently large ∈ N, ( ) ∈N converges to ∅ in Cld * F (X × R), so in C F (X R). However, { | ∈ N} has two limit points in C (X ) = C F (X R). In fact, 
, choose an open neighborhood V of in X and ∈ R so that V × ( ∞] ⊂ U . On the other hand, since
As mentioned in Remark 1.1, the compactification C F (X R) cannot be adopted in Theorem 1.1 instead of C (X ). In fact, (C F (I R) (C (I R)) ≈ (Q ) by the following proposition: 
